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DING PROJECTIVE DIMENSION OF COMPLEXES*
ZHANPING WANG ZHONGKUI LIU
Abstract In this paper, we define and study a notion of Ding projective dimension for complexes
of left modules over associative rings. In particular, we consider the class of homologically bounded
below complexes of left R-modules, and show that Ding projective dimension has a nice functorial
description.
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1. Introduction
In [AF], Avramov and Foxby defined the projective (resp. injective or flat) dimension for
unbounded complexes by means of DG-projective (resp. DG-injective or DG-flat) resolutions.
A complex P of R-modules is called DG-projective if HomR(P,−) transforms surjective quasi-
isomorphisms into surjective quasi-isomorphisms, which is equivalent to saying that P is a complex
of projective R-modules and HomR(P,X) is exact for every exact complex X by [AF, 1.2.P]. A
DG-projective resolution of X is a quasi-isomorphism P → X with P DG-projective. By [EJX,
Corollary 3.10], every complex has a surjective DG-projective resolution P → X . If X is homolog-
ically bounded below, then P can be chosen so that inf{i | Pi 6= 0} = inf X .
Over commutative local rings, Yassemi [Y] and Christensen [C] introduced a Gorenstein projec-
tive dimension for complexes with bounded below homology. In [V], Veliche defined and studied
Gorenstein projective dimension for complexes of left R-modules over associative ring R. Not much
later Gorenstein injective and Gorenstein flat dimension for complexes were introduced and studied
in [AS, I]. These Gorenstein dimensions are related to the Gorenstein rings. General background
materials about Gorenstein homological algebra can be found in [EJ, EL, Ga].
In [DLM], Ding, Li and Mao introduced and studied strongly Gorenstein flat modules, and
several well-known classes of rings are characterized in terms of these modules. A left R-module M
is called strongly Gorenstein flat if there is an exact sequence
· · · −→ P1 −→ P0 −→ P−1 −→ P−2 −→ · · ·
of projective left R-modules withM = Coker(P0 −→ P−1) such that Hom(−,F) leaves the sequence
exact, where F stands for the class of all flat left R-modules. Since strongly Gorenstein flat modules
have properties analogous to Gorenstein projective modules, Gillespie [Gi] called these modules Ding
projective modules. For every left R-module M over an associative ring R, Ding at al. also defined
and investigated the strongly Gorenstein flat dimension for modules and rings.
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The main purpose of this paper is to introduce and study a concept of Ding projective dimension
DpdR(X) associated to every complex X of left R-modules over an arbitrary associative ring R. In
particular, we consider the class of homologically bounded below complexes of left R-modules, and
show that Ding projective dimension has a nice functorial description.
In this paper, R denotes an associative ring with unity. We consistently use the notation from the
appendix of [C]. In particular, the category of R-complexes is denoted C(R), we use subscripts ⊏, ⊐
and  to denote boundedness conditions, and use subscripts (⊏), (⊐) and () to denote homological
boundedness conditions. For example, C⊐(R) is the full subcategory of C(R) of bounded below
complexes; C(⊐)(R) is the full subcategory of C(R) of homologically bounded below complexes.
Given a complex C and an integer i, ΣiC denotes the complex such that (ΣiC)n = Cn−i and
whose boundary operators are (−1)iδCn−i; The nth homology module of C is the module Hn(C) =
Zn(C)/Bn(C), where Zn(C) = Ker(δ
C
n ), Bn(C) = Im(δ
C
n+1); we set H
n(C) = H−n(C), Cn(C) =
Coker(δCn+1). Given a left R-module M , we will denote by S
n(M) the complex with M in the nth
place and 0 in the other places. For more details of complexes used in this paper the reader can
consult [Ha, M].
2. Ding projective dimension of complexes
In the section, F stands for the class of flat modules.
Definition 2.1. A complex of R-modules T is said to be totally F -acyclic if the following conditions
are satisfied:
(1) Tn is projective for every n ∈ Z.
(2) T is exact.
(3) HomR(T, F ) is exact for every R-module F ∈ F .
An exact complex of projective R-modules T is said to be totally acyclic [V] if HomR(T, P ) is
exact for every projective R-module P . By definitions, totally F -acyclic complex is totally acyclic.
For totally F -acyclic complex, we have the following two properties using the routine proof.
Lemma 2.2. Let T be a totally F-acyclic complex. If Q is a complex of flat modules and n is
an integer, then any morphism of complexes ϕ : Tn ⊐ −→ Qn ⊐ can be extended to morphism
ϕ : T −→ Q such that ϕn ⊐ = ϕ. Every morphism ϕ with this property is defined as unique up to
homotopy.
Lemma 2.3. Let T be a totally F-acyclic complex. If Q is a bounded above complex of flat modules,
then
H(HomR(T,Q)) = 0.
An R-module M is called strongly Gorenstein flat [DLM] if there exists a totally F -acyclic
complex T such that C0(T ) =M . Since strongly Gorenstein flat modules have properties analogous
to Gorenstein projective modules, Gillespie [Gi] call these modules Ding projective modules. Note
that every projective module is Ding projective, and every cokernel Cn(T ) of totally F -acyclic
complex T is Ding projective.
Ding projective modules have the following properties.
Lemma 2.4. Let DP(R) stand for the class of Ding projective modules. The following assertions
hold.
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(1) If M ∈ DP(R), then ExtiR(M,L) = 0 for all i > 0 and all module L of finite flat or finite
injective dimension.
(2) DP(R) is a projectively resolving class, and closed under direct sums and direct summands.
(3) If 0 → A → B → C → 0 is an exact sequence, and A, B ∈ DP(R), Ext1R(C,F ) = 0 for
every flat module F , then C ∈ DP(R).
Proof. (1) is obvious.
(2) It follows by analogy with the proof of Theorem 2.5 in [Ho].
(3) It follows by analogy with the proof of Corollary 2.11 in [Ho].

Lemma 2.5. Let T be an exact complex of projective modules. Then the following are equivalent:
(1) T is totally F-acyclic.
(2) Ci(T ) is Ding projective for all i ∈ Z.
(3) Ci(T ) is Ding projective for infinitely many i ≤ 0.
Proof. The implications (1)⇒ (2)⇒ (3) are clear, so we only argue (3)⇒ (1).
Let Q be a flat R-module and fix n ∈ Z. We need to show Hn(HomR(T,Q)) = 0. By (3), we
choose an integer m ≥ 1 such that n−m is small enough for Cn−m(T ) to be Ding projective. Thus
Hn(HomR(T,Q)) = Ext
m
R (Cn−m(T ), Q) = 0.

Lemma 2.6. If G is Ding projective and · · · −→ P2 −→ P1 −→ P0
α
−→ G −→ 0 is a projective
resolution of G, then there exists a totally F-acyclic complex T such that T0 ⊐ = P , where P =
· · · −→ P2 −→ P1 −→ P0 −→ 0 −→ · · · .
Proof. By the definition of Ding projective modules, there is a totally F -acyclic complex T ′ such
that C0(T
′) = G. Set
Ti =
{T ′i for i < 0,
Pi for i ≥ 0,
and
δTi =


δT
′
i for i < 0,
βα for i = 0,
δPi for i > 0.
where α : P0 −→ G and β : G −→ T
′
−1 are the canonical maps. The complex T is exact, C0(T ) = G
and ⊏−1 T = ⊏−1 T
′, so T is totally F -acyclic by Lemma 2.5. 
According to [DLM], Ding projective dimension, or strongly Gorenstein flat dimension, of M is
defined by:
Dpd(M) = inf
{
n ∈ N0
∣∣∣∣ 0 −→ Gn −→ · · · −→ G1 −→ G0 −→M −→ 0 is exact, and Gi ∈ DP(R)
}
.
Lemma 2.7. (1) Let M be an R-module with finite Ding projective dimension, and let n be an
integer. Then the following conditions are equivalent:
(i) Dpd(M) ≤ n.
(ii) ExtiR(M,L) = 0 for all i > n, and all R-modules L of finite flat dimension.
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(iii) ExtiR(M,F ) = 0 for all i > n, and all flat R-modules F .
(iV) For every exact sequence 0 −→ Kn −→ Gn−1 −→ · · · −→ G1 −→ G0 −→ M −→ 0, where
Gi is Ding projective, then also Kn is Ding projective.
(2) If (Mi)i∈I is a family of R-modules, then
Dpd(⊕IMi) = sup{Dpd(Mi)|i ∈ I}.
Proof. They follow by analogy with the proofs of Theorem 2.20 and Proposition 2.19 respectively
in [Ho]. 
Definition 2.8. An F -complete resolution of X is a diagram of morphisms of complexes T
τ
−→
P
pi
−→ X , where π : P −→ X is a DG-projective resolution, T is a totally F -acyclic complex and τi
is bijective for all i≫ 0. An F -complete resolution T
τ
−→ P
pi
−→ X of X is said to be surjective if
τi is surjective for all i ∈ Z.
Lemma 2.9. Let T
τ
−→ P
pi
−→ X be an F-complete resolution. If g is an integer such that τi is
bijective for all i ≥ g, then there exists an F-complete resolution T ′
τ ′
−→ P
pi
−→ X such that τ ′ is
a surjective morphism, τ ′i is bijective for all i ≥ g, and a homology equivalence α : T −→ T
′ such
that τ = τ ′α and αi = id
Ti for all i ≥ g.
Proof. Set (T ′)n = (T⊕ ⊏g−1 P ⊕ Σ
−1 ⊏g−1 P )n as desired. 
Definition 2.10. The Ding projective dimension of X is defined by
DpdR(X) = inf

n ∈ Z
T
τ
−→ P
pi
−→ X is an F -complete resolution
with τi : Ti → Pi bijective for each i ≥ n

 .
Remark 2.11. (1) For any complex X , DpdR(X) ∈ {−∞} ∪ Z ∪ {∞}.
(2) DpdR(X) = −∞ if and only if X is exact.
(3) For any k ∈ Z, DpdR(Σ
kX) = DpdR(X) + k.
Theorem 2.12. Let X be a complex, n an integer. Then the following assertions are equivalent:
(1) DpdR(X) ≤ n.
(2) supX ≤ n and there exists a DG-projective resolution P −→ X such that the module Cn(P )
is Ding projective.
(3) supX ≤ n and for every DG-projective resolution P ′ −→ X, the module Cn(P
′) is Ding
projective.
(4) For every DG-projective resolution P ′ −→ X, there exists a surjective F-complete resolution
T ′ −→ P ′ −→ X such that τ ′i = id
T ′i for all i ≥ n.
Proof. (1) ⇒ (2) By hypothesis, there exists an F -complete resolution T
τ
−→ P
pi
−→ X such that
τn ⊐ : Tn ⊐ −→ Pn ⊐ is an isomorphism of complexes. This yields isomorphisms Hi(X) ∼= Hi(P )
for all i ∈ Z, Hi(P ) ∼= Hi(T ) for all i > n, and Cn(P ) ∼= Cn(T ). Since the complex T is totally
F -acyclic, we have Hi(T ) = 0 for each i ∈ Z and Cn(T ) is Ding projective.
(2)⇒ (3) Let P ′ −→ X be a DG-projective resolution. Then P ≃ P ′. Since P ′ is DG-projective,
there exists a quasi-isomorphism P ′ −→ P . We can assume that P ′ −→ P is a surjective quasi-
isomorphism ( if not, let let F −→ P be surjective with F a projective complex, then F ⊕P ′ −→ P
is a surjective quasi-isomorphism ). Hence there exists an exact sequence
0 −→ K −→ P ′ −→ P −→ 0
DING PROJECTIVE DIMENSION OF COMPLEXES* 5
with K an exact complex. Both P ′ and P are DG-projective complexes, so K is a DG-projective
complex. Thus K is exact and DG-projective, and so K is a projective complex. In addition, we
have an exact sequence
0 −→ Cn(K) −→ Cn(P
′) −→ Cn(P ) −→ 0.
By (2), we get that Cn(P ) is Ding projective. But Cn(K) projective, and so Cn(K) is Ding
projective. It follows that Cn(P
′) is Ding projective by Lemma 2.4.
(3)⇒ (4) Let P ′ −→ X be a DG-projective resolution with Cn(P
′) Ding projective and Hi(P
′) =
0 for all i > n. Then Σ−nP ′n ⊐ −→ Cn(P
′) is a projective resolution. By Lemma 2.6, there is
a totally F -acyclic complex T ′′ such that T ′′n ⊐ = P
′
n ⊐. So we obtain an F -complete resolution
T ′′
τ ′′
−→ P ′
pi′
−→ X with τ ′′i = id
T ′′i for all i ≥ n and Cn(T
′′) ∼= Cn(P
′) by Lemma 2.2. From Lemma
2.9, we get a surjective F -complete resolution T ′ −→ P ′ −→ X with the desired properties.
(4)⇒ (1) is clear. 
Corollary 2.13. For every family of complexes of R-modules (Xi)i∈I one has
DpdR(⊕IXi) = sup{DpdR(Xi)|i ∈ I}.
Proof. For each i ∈ I, there is a DG-projective resolution Pi −→ Xi. Set P = ⊕IPi. Then
P −→ ⊕IXi is a DG-projective resolution and Cn(P ) = ⊕ICn(Pi) for each n ∈ Z. Thus the
assertion follows from Theorem 2.12 and Lemma 2.7. 
Corollary 2.14. Let M be an R-module. Then DpdR(S
0(M)) = Dpd(M).
Proof. Let
· · · −→ P2 −→ P1 −→ P0 −→M −→ 0
be a projective resolution of M . Then P −→ S0(M) is a DG-projective resolution, where P =
· · · −→ P2 −→ P1 −→ P0 −→ 0 −→ · · · . If Dpd(M) =∞, and DpdR(S
0(M)) = l <∞, then Cj(P )
is Ding projective for any j ≥ l by Theorem 2.12. Since
0 −→ Cl(P ) −→ Pl−1 −→ · · · −→ P1 −→ P0 −→M −→ 0
is exact with Cl(P ) Ding projective and Pj projective modules, it follows that Dpd(M) ≤ l. This
contradicts Dpd(M) = ∞. So DpdR(S
0(M)) = ∞. If Dpd(M) = l < ∞, then Cl(P ) is Ding
projective, and so Cj(P ) is Ding projective for all j ≥ l by Lemma 2.4. Hence P → S
0(M) is a
DG-projective resolution with Cj(P ) Ding projective and Hj(P ) = 0 for all j ≥ l. By Theorem
2.12, DpdR(S
0(M)) ≤ l. Suppose that DpdR(S
0(M)) ≤ l− 1. Then Cl−1(P ) is Ding projective. In
the exact sequence
0 −→ Cl−1(P ) −→ Pl−2 −→ · · · −→ P1 −→ P0 −→M −→ 0,
Cl−1(P ) is Ding projective and every Pj is projective, which yields Dpd(M) ≤ l−1. This contradicts
Dpd(M) = l. Therefore, DpdR(S
0(M)) = l. 
Corollary 2.15. Let X be a complex. Then GpdR(X) ≤ DpdR(X) ≤ pdR(X), with equalities if
pdR(X) is finite.
Proof. If pdR(X) = ∞, then it is clear. If pdR(X) = −∞, then X is exact, so GpdR(X) =
DpdR(X) = −∞. Let pdR(X) = g < ∞. Then for any DG-projective resolution P −→ X we
have supP ≤ g and Cj(P ) is projective for all j ≥ g. So Cj(P ) is Ding projective for all j ≥ g.
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By Theorem 2.12, we get DpdR(X) ≤ g. In similar method, we obtain that GpdR(X) ≤ k if
DpdR(X) = k. The final assertion follows from Theorem 3.7 in [V]. 
Proposition 2.16. Let 0 −→ X −→ Y −→ Z −→ 0 be an exact sequence of complexes. If two
complexes have finite Ding projective dimension, then so does the third.
Proof. By [V, Proposition 1.3.8], there is an exact sequence of complexes 0 −→ PX −→ PY −→
PZ −→ 0 with PX −→ X , P Y −→ Y and PZ −→ Z DG-projective resolutions. If two of the
complexes X,Y, Z have finite Ding projective dimension, then there is n ∈ Z such that Hj(P
X) =
Hj(P
Y ) = Hj(P
Z) = 0 for all j ≥ n. For each j ≥ n, we have an exact sequence
0 −→ Cj(P
X) −→ Cj(P
Y ) −→ Cj(P
Z) −→ 0
in R-Mod. If Cj(P
Z) is Ding projective, then Cj(P
X) is Ding projective if and only if Cj(P
Y )
is Ding projective. If Cj(P
X) and Cj(P
Y ) are Ding projective, then Dpd(Cj(P
Z)) ≤ 1, and so
Cj+1(P
Z) is Ding projective by Lemma 2.7. Therefore the assertion follows from Theorem 2.12. 
Proposition 2.17. Let X be a homologically bounded below complex. Then
DpdR(X) = inf

sup
{
l ∈ Z
∣∣∣∣ Ql 6= 0
} Q ≃ X and Q is a bounded below
complex of Ding projective modules

 .
Proof. Since X is a homologically bounded below complex, we can assume inf X = 0. Let P → X
be a DG-projective resolution of X with inf{i | Pi 6= 0} = 0. Set
Ω = inf

sup
{
l ∈ Z
∣∣∣∣ Ql 6= 0
} Q ≃ X and Q is a bounded below
complex of Ding projective modules

 .
If DpdR(X) = n, then Cj(P ) is Ding projective for every j ≥ n by Theorem 2.12. Let
P ′ = 0 −→ Cn(P ) −→ Pn−1 −→ · · · −→ P0 −→ 0,
and
X ′ = 0 −→ Cn(X) −→ Xn−1 −→ Xn−2 −→ · · · .
Since P ≃ X , we have P ≃ X ′. From P ′ ≃ X ′ and X ≃ X ′, we get P ′ ≃ X . Each component of
P ′ is a Ding projective module, which implies that Ω ≤ n.
Now suppose that Ω = m <∞. We are going to show that DpdR(X) ≤ m. By hypothesis, there
exists a complex
Q = 0 −→ Qm −→ Qm−1 −→ · · · −→ Q0 −→ 0
of Ding projective modules such that Q ≃ X . Since P ≃ X ≃ Q and P is a DG-projective complex,
there is a quasi-isomorphism P −→ Q. In addition, Q is bounded below, so there is a surjective
morphism P ∗ −→ Q with P ∗ a bounded below projective complex. Then P ⊕ P ∗ −→ Q is a
surjective quasi-isomorphism. Thus we have an exact sequence
0 −→ K −→ P ⊕ P ∗ −→ Q −→ 0,
with K exact, which implies that there is an exact sequence
0 −→ Kj −→ Pj ⊕ P
∗
j −→ Qj −→ 0
DING PROJECTIVE DIMENSION OF COMPLEXES* 7
in R-Mod for all j ∈ Z. Since Pj ⊕ P
∗
j and Qj are Ding projective modules, it follows that Kj is
a Ding projective module. Thus K is a bounded below exact complex of Ding projective modules,
and so Cj(K) is a Ding projective module for each j ∈ Z. In exact sequence
0 −→ Cm(K) −→ Cm(P )⊕ Cm(P
∗) −→ Cm(Q) −→ 0,
Cm(Q) = Qm and Cm(K) are Ding projective, so Cm(P )⊕Cm(P
∗) is Ding projective. By Lemma
2.4, Cm(P ) is Ding projective. Since P −→ X is a DG-projective resolution with supP ≤ m and
Cj(P ) Ding projective for all j ≥ m, it follows that DpdR(X) ≤ m. By the above, DpdR(X) =∞
if and only if Ω = ∞; and note that DpdR(X) = −∞ if and only if X is exact if and only if
Ω = −∞. 
Lemma 2.18. (1)([CFH, Proposition 2.6(a)]) Let U be a class of R-modules, and α : X → Y be a
morphism in C(R) such that
HomR(U, α) : HomR(U,X)
≃
−→ HomR(U, Y )
is a quasi-isomorphism for every module U ∈ U . If U˜ ∈ C⊐(R) is a complex consisting of mod-
ules from U , then the induced morphism HomR(U˜ , α) : HomR(U˜ ,X)
≃
−→ HomR(U˜ , Y ) is a quasi-
isomorphism.
(2) ([CFH, Proposition 2.7(a)]) Let V be a class of R-modules, and α : X → Y be a morphism
in C(R) such that
HomR(α, V ) : HomR(X,V )
≃
−→ HomR(X,V )
is a quasi-isomorphism for every module V ∈ V. If V˜ ∈ C⊏(R) is a complex consisting of mod-
ules from U , then the induced morphism HomR(α, V˜ ) : HomR(X, V˜ )
≃
−→ HomR(Y, V˜ ) is a quasi-
isomorphism.
Lemma 2.19. Let V
≃
→ W be a quasi-isomorphism between R-complexes, where V,W ∈ C⊏(R)
and each module in V and W has finite flat or finite injective dimension. If A ∈ C⊐(R) is a
complex of Ding projective modules, then the induced morphism HomR(A, V )→ HomR(A,W ) is a
quasi-isomorphism.
Proof. By Lemma 2.18(1), we may immediately reduce to the case, where A is a Ding projective
module. In this case we have quasi-isomorphisms α : P
≃
−→ A and β : A
≃
−→ P˜ in C(R), where
P ∈ C⊐(R) and P˜ ∈ C⊏(R) are respectively the left half and right half of a totally F -acyclic
complex of A. Let T be any R-module of finite flat or finite injective dimension. Lemma 2.4(1)
implies that a totally F -acyclic complex stays exact when the functor HomR(−, T ) is applied to it.
In particular, the induced morphisms
HomR(α, T ) : HomR(A, T )
≃
−→ HomR(P, T ),
and
HomR(β, T ) : HomR(P˜ , T )
≃
−→ HomR(A, T )
are quasi-isomorphisms. By Lemma 2.18(2) it follows that HomR(α, V ) and HomR(α,W ) are quasi-
isomorphisms. In the commutative diagram
HomR(A, V ) //
HomR(α,V ) ≃

HomR(A,W )
HomR(α,V )≃

HomR(P, V )
≃
// HomR(P,W )
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the lower horizontal morphism is obviously a quasi-isomorphism, and this makes the induced mor-
phism HomR(A, V )→ HomR(A,W ) a quasi-isomorphism as well. 
Lemma 2.20. If X ≃ A, where A ∈ C⊐(R) is a complex of Ding projective modules, and U ≃ V ,
where V ∈ C⊏(R) is a complex in which each module has finite flat or finite injective dimension,
then
RHomR(X,U) ≃ HomR(A, V ).
Proof. Assume that V
≃
→ I ∈ C⊏(R) is a DG-injective resolution of V . We have
RHomR(X,U) ≃ RHomR(A, V ) ≃ HomR(A, I).
From Lemma 2.19 we get a quasi-isomorphism HomR(A, V )
≃
−→ HomR(A, I), and the result follows.

Lemma 2.21. Let F be a flat R-module. If X ≃ A, where X ∈ C()(R) and A ∈ C⊐(R) is a
complex of Ding projective modules and n ≥ supX, then
ExtmR (C
A
n , F ) = H−(m+n)(RHomR(X,F )).
Proof. Since n ≥ supX = supA we have An ⊐ ≃ Σ
nCAn , and since F is flat it follows by Lemma
2.20 that RHomR(C
A
n , F ) is represented by HomR(Σ
−nAn ⊐ , F ). For m > 0 the isomorphism class
ExtmR (C
A
n , F ) is then represented by
H−m(HomR(Σ
−nAn ⊐, F )) = H−m(Σ
nHomR(An ⊐, F ))
= H−(m+n)(HomR(An ⊐, F ))
= H−(m+n)(⊏−n HomR(A,F ))
= H−(m+n)(HomR(A,F )).
.
It also follows from Lemma 2.20 that the complex HomR(A,F ) represents RHomR(X,F ), so
ExtmR (C
A
n , F ) = H−(m+n)(RHomR(X,F )). 
Theorem 2.22. Let X ∈ C(⊐)(R) of finite Ding projective dimension. For n ∈ Z the following are
equivalent:
(1) DpdR(X) ≤ n.
(2) inf U − inf RHomR(X,U) ≤ n for all U ∈ C()(R) of finite flat dimension with H(U) 6= 0.
(3) − inf RHomR(X,F ) ≤ n for all flat R-modules F .
(4) supX ≤ n and for any bounded below complex A ≃ X of Ding projective modules, the cokernel
CAn = Coker(An+1 → An) is a Ding projective module.
Moreover, the following hold:
DpdR(X) = sup{inf U − inf RHomR(X,U) | fdRU <∞ and H(U) 6= 0}
= sup{− inf RHomR(X,F ) | F is flat}.
.
Proof. The proof of the equivalence of (1)-(4) is cyclic. Obviously (2)⇒ (3). So this leaves us three
implications to prove.
(1)⇒ (2) Choose a complex A ∈ C(R) consisting of Ding projective modules, such that A ≃ X
and Al = 0 for all l > n. First let U be a complex of finite flat dimension with H(U) 6= 0. Set
i = inf U and note that i ∈ Z as U ∈ C()(R) with H(U) 6= 0. Choose a bounded complex F ≃ U
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of flat modules with Fl 6= 0 for l < i. By Lemma 2.20, the complex HomR(A,F ) is equivalent to
RHomR(X,U); In particular, inf RHomR(X,U) = inf HomR(A,F ). For l < i− n and q ∈ Z, either
q > n or q + l ≤ n+ l < i, so the module
HomR(A,F )l =
∏
q∈Z
HomR(Aq, Fq+l) = 0.
Hence, Hl(HomR(A,F )) = 0 for l < i− n, and inf RHomR(X,U) ≥ i− n = inf U − n as desired.
(3)⇒ (4) This part is divided into three steps. First we establish the inequality n ≥ supX ,
next we prove that the nth cokernel in a bounded complex A ≃ X of Ding projective modules is
again Ding projective, and finally we give an argument that allows us to conclude the same for
A ∈ C⊐(R).
To see that n ≥ supX , it is sufficient to show that
(∗) sup{− inf RHomR(X,F )| F is flat} ≥ supX.
By assumption, g = DpdRX is finite; That is, X ≃ A for some complex
A = 0 −→ Ag
δAg
−→ Ag−1 −→ · · · −→ Ai −→ 0,
and it is clear g ≥ supX since X ≃ A. For any flat module F , the complex HomR(A,F ) is
concentrated in degrees −i to −g,
0 // HomR(Ai, F ) // · · · // HomR(Ag−1, F )
HomR(δAg ,F )
// HomR(Ag, F ) // 0 .
By lemma 2.20, HomR(A,F ) is equivalent to RHomR(X,F ) in C(Z). First, consider the case
g = supX : The differential δAg : Ag → Ag−1 is not injective, as A has homology in degree
g = supX = supA. By the definition of Ding projective modules, there exists a projective (and
so flat) module F and an injective homomorphism ϕ : Ag → F . Because δ
A
g is not injective,
ϕ ∈ HomR(Ag, F ) cannot have the form HomR(δ
A
g , F )(ψ) = ψδ
A
g for some ψ ∈ HomR(Ag−1, F ).
That is, the differential HomR(δ
A
g , F ) is not surjective; Hence HomR(A,F ) has nonzero homology
in degree −g = − supX , and (∗) follows.
Next, assume that g > supX = s and consider the exact sequence
0 −→ Ag −→ · · · −→ As+1 −→ As −→ As −→ C
A
s −→ 0.
It shows that DpdRC
A
s ≤ g−s, and it is easy to check that equality must hold; otherwise, we would
have DpdRX < g by 2.17. By Lemma 2.21, it follows that for all m > 0, all n ≥ supX , and all flat
modules F one has
(⋆) ExtmR (C
A
n , F ) = H−(m+n)(RHomR(X,F )).
By Lemma 2.7, we have Extg−sR (C
A
s , F ) 6= 0 for some flat F , whence H−g(RHomR(X,F )) 6= 0 by
(⋆), and (∗) follows. We conclude that n ≥ supX .
It remains to prove that CAn is Ding projective for any bounded below complex A ≃ X of Ding
projective modules. By assumption, DpdRX is finite, so a bounded complex A˜ ≃ X of Ding
projective modules does exist. Consider the cokernel CA˜n . Since n ≥ supX = sup A˜, it fits in an
exact sequence 0 → A˜t → · · · → A˜n+1 → A˜n → C
A˜
n → 0, where all the A˜l’s are Ding projective.
By (⋆) and Lemma 2.4(3), it now follows that also CA˜n is Ding projective. With this, it is sufficient
to prove the following:
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If P,A ∈ C⊐(R) are complexes of, respectively, projective and Ding projective modules, and
P ≃ X ≃ A, then the cokernel CPn is Ding projective if and only if C
A
n is so.
Let A and P be two such complexes. As P consists of projective modules, there is a quasi-
isomorphism π : P
≃
−→ A, which induces a quasi-isomorphism between the truncated complexes,
⊂n π :⊂n P
≃
−→⊂n A. The mapping cone
Cone(⊂n π) = 0→ C
P
n → Pn−1 ⊕ C
A
n → Pn−2 ⊕An−1 → · · ·
is a bounded exact complex, in which all modules but the two left-most ones are known to be Ding
projective modules. It follows by the resolving properties of the class of Ding projective modules
that CPn is Ding projective if and only if Pn−1 ⊕ C
A
n is so, which is equivalent to C
A
n being Ding
projective.
(4)⇒ (1) Choose a DG-projective resolution P of X , by (4) the truncation ⊂n P is a complex
of the desired type.
The last claim are immediate consequences of the equivalence of (1), (2) and (3). 
Corollary 2.23. Let X ∈ C(⊐)(R) of finite Ding projective dimension. Then GpdR(X) = DpdR(X).
Proof. It follows from Theorem 2.22 and [CFH, Theorem 3.1] 
Lemma 2.24. Let ϕ : R→ S be a homomorphism of rings.
(1) If M is a Ding projective S-module, then HomR(P˜ ,M) is a Ding projective S-module for
every finite projective R-module P˜ .
(2) If M is a Ding projective S-module, then P˜ ⊗R M is a Ding projective S-module for every
projective R-module P˜ .
Proof. (1) Let T be a totally F -acyclic complex ofM . Then the complex HomR(P˜ , T ) of projective
S-modules is exact. For any flat S-module Q we have
HomS(HomR(P˜ , T ), Q)) ∼= P˜ ⊗R HomS(T,Q).
Since HomS(T,Q) is exact, and P˜ is finite projective, we obtain that HomS(HomR(P˜ , T ), Q)) is
exact, and so HomR(P˜ , T ) is a totally F -acyclic complex of HomR(P˜ ,M).
(2) Let T be a totally F -acyclic complex ofM . Then the complex P˜⊗RT of projective S-modules
is exact. For any flat S-module Q we have the exactness of
HomS(P˜ ⊗R T,Q)) ∼= HomR(P˜ ,HomS(T,Q))
as HomS(T,Q) is exact. Hence P˜ ⊗R T is a totally F -acyclic complex of P˜ ⊗R M . 
Theorem 2.25. Let ϕ : R→ S be a homomorphism of rings, X ∈ C(⊐)(S).
(1) If U ∈ P(f)(R), then DpdS(RHomR(U,X)) ≤ DpdS(X)− inf U .
(2) If U ∈ P(R), then DpdS(U ⊗
L
R X) ≤ DpdS(X) + pdR(U).
Proof. (1) We can assume that U is not exact, otherwise the inequality is trivial; and we set
i = inf U , pdR(U) = n. The inequality is also trivial if X is exact or not of finite Ding projective
dimension, so we assume that X is not exact and set DpdR(X) = g. We can now choose a complex
A ∈ C(S) of Ding projective modules which is equivalent to X and has Al = 0 for l > g; we set
v = inf{l ∈ Z | Al 6= 0}. Since U ∈ P
(f)(R), U is equivalent to a complex P of finite projective
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modules concentrated in degrees n, · · · , i. Now RHomR(U,X) is represented by the complex
HomR(P,A) with
HomR(P,A)l =
∏
q∈Z
HomR(Pq, Aq+l) =
n⊕
q=i
HomR(Pq , Aq+l).
The modules HomR(Pq , Aq+l) are Ding projective by Lemma 2.24(1), and finite direct sums of Ding
projective modules are Ding projective. So HomR(P,A) is a complex of Ding projective modules.
In addition, we have HomR(P,A)l = 0 for l < v − n; and if l > g − i, then l + q > g − i + q ≥
g, and so HomR(P,A)l = 0. It follows that HomR(P,A) is bounded. That is, HomR(P,A) is
a bounded complex of Ding projective modules concentrated in degrees at most g − i. Hence
DpdS(RHomR(U,X)) ≤ g − i = DpdS(X)− inf U .
(2) We can assume that U is not exact, otherwise the inequality is trivial; and we set i = inf U ,
pdR(U) = n. The inequality is also trivial if X is exact or not of finite Ding projective dimension,
so we assume that X is not exact and set DpdR(X) = g. We can now choose a complex A ∈ C(S)
of Ding projective modules which is equivalent to X and has Al = 0 for l > g; we set v = inf{l ∈
Z | Al 6= 0}. Since U ∈ P(R), U is equivalent to a complex P of projective modules concentrated
in degrees n, · · · , i. Now U ⊗LR X is represented by the complex P ⊗R A with
(P ⊗R A)l =
⊕
q∈Z
(Pq ⊗Al−q) =
n⊕
q=i
(Pq ⊗Al−q).
The modules Pq ⊗ Al−q are Ding projective by Lemma 2.24(2), and finite direct sums of Ding
projective modules are Ding projective. So P ⊗R A is a complex of Ding projective modules. In
addition, we have (P ⊗R A)l = 0 for l < v + i; and if l > g + n, then l − q > g + n − q ≥ g, and
so (P ⊗R A)l = 0. It follows that P ⊗R A is bounded. That is, P ⊗R A is a bounded complex of
Ding projective modules concentrated in degrees at most g + n. Hence DpdS(U ⊗
L
R X) ≤ g + n =
DpdS(X) + pdR(U). 
Let R be a subring of the ring S, and assume that R and S have the same unity 1. The ring S
is called an excellent extension of R if
(A) S is a free normalizing extension of R with a basis that includes 1; that is, there is a finite
subset {a1, · · · , an} of S such that a1 = 1, S =
∑n
i=1 aiR and aiR = Rai for all i = 1, · · · , n and S
is free with basis {a1, · · · , an} both as a right and left R-module, and
(B) S is R-projective; that is, if SN is a submodule of SM , then RN | RM implies SN | SM .
Excellent extensions were introduced by Passman [P1]. Examples include n × n matrix rings,
and crossed products R ∗G where G is a finite group with |G|−1 ∈ R [P2].
Lemma 2.26. Let S be an excellent extension of R.
(1) If N is a Ding projective R-module, then HomR(P̂ , N) is a Ding projective S-module for
every finite projective S-module P̂ .
(2) If N is a Ding projective R-module, then P̂ ⊗R N is a Ding projective S-module for every
projective S-module P̂ .
Proof. (1) Let T be a totally F -acyclic complex of N . Then the complex HomR(P̂ , T ) consists of
projective S-modules, and it is exact as P̂ is a finite projective R-module. For any flat S-module
Q we have
HomS(HomR(P̂ , T ), Q)) ∼= P̂ ⊗R HomS(T,Q),
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which is exact as Q is a flat R-module. Hence HomR(P̂ , T ) is a totally F -acyclic complex of
HomR(P̂ , N).
(2) Let T be a totally F -acyclic complex of N . Then the complex P̂ ⊗R T consists of projective
S-modules, and it is exact as P̂ is a projective R-module. For any flat S-module Q, we have
HomS(P˜ ⊗R T,Q)) ∼= HomR(P˜ ,HomS(T,Q)),
which is exact as Q is a flat R-module. Hence P̂ ⊗RT is a totally F -acyclic complex of P̂ ⊗RN . 
Theorem 2.27. Let S be an excellent extension of R, X ∈ C(⊐)(R).
(1) If V ∈ P(f)(S), then DpdS(RHomR(V,X)) ≤ DpdR(X)− inf V .
(2) If V ∈ P(S), then DpdS(V ⊗
L
R X) ≤ DpdR(X) + pdS(V ).
Proof. They follow by analogy with the proof of Theorem 2.25, only this time use Lemma 2.26. 
Corollary 2.28. Let S be an excellent extension of R, X ∈ C(⊐)(R). Then
(1) DpdS(RHomR(S,X)) ≤ DpdR(X).
(2) DpdS(S ⊗
L
R X) ≤ DpdR(X).
In [MD], Mao and Ding introduced and studied Gorenstein FP-injective modules, and showed
that there is a very close relationship between Gorenstein FP-injective modules and Gorenstein flat
modules. A left R-module N is called Gorenstein FP-injective if there is an exact sequence
· · · −→ E1 −→ E0 −→ E−1 −→ E−2 −→ · · ·
of injective left R-modules with N = Coker(E0 −→ E−1) such that Hom(E,−) leaves the sequence
exact whenever E an FP-injective R-module. Since Gorenstein FP-injective modules have proper-
ties analogous to Gorenstein injective modules, Gillespie [Gi] called these modules Ding injective
modules.
Remark 2.29. Above we have only mentioned the Ding projective dimension of R-complexes. Dually
one can also define and study the Ding injective dimension for complexes of left R-modules over
an associative ring R. All the results concerning Ding projective dimension have a Ding injective
counterpart.
Acknowledgements
The authors would like to thank the referee for valuable suggestions and helpful corrections.
References
[AS] J. Asadollahi, S. Salarian. Gorenstein injective dimension for complexes and Iwanaga-
Gorenstein rings. Comm. Algebra 34(2006), 3009–3022.
[AF] L.L. Avramov, H.-B. Foxby, Homological dimension of unbounded complexes, J. Pure Appl.
Algebra 71(1991), 129–155.
[CFH] L.W. Christensen, A. Frankild, and H. Holm. On Gorenstein projective, injective and flat
dimensions–a functorial description with applications. J. Algebra 302(2006), 231–279.
[C] L.W. Christensen. Gorenstein dimensions, volume 1747 of Lecture Notes in Math. Springer,
Berlin, 2000.
[DLM] N.Q. Ding, Y.L. Li, L.X. Mao, Strongly Gorenstein flat modules, J. Aust. Math. Soc.
86(2009), 323–338.
DING PROJECTIVE DIMENSION OF COMPLEXES* 13
[EJX] E.E. Enochs, O.M.G. Jenda and J.Z. Xu, Orthogonality in the category of complexes, Math.
J. Okayama Univ. 38(1996), 25–46.
[EJ] E.E. Enochs, O.M.G. Jenda, Relative Homological Algebra, de Gruyter Exp. Math., vol. 30,
de Gruyter, Berlin, 2000.
[EL] E.E. Enochs, J.A. Lo´pez Ramos, Gorenstein flat modules, Nova Science Publishers, Inc.,
Huntington, New York, 2001.
[Ga] J.R. Garc´ıa Rozas, Covers and envelopes in the category of complexes of modules, CRC
Press, Boca Raton, FL, 1999.
[Gi] J. Gillespie, Model structures on modules over Ding-Chen rings, Homology,Homotopy and
Applications 12(2010), 61–73.
[Ha] R. Hartshorne, Residues and Duality, Lecture Notes in Mathematics 20 (Springer, Berlin,
1966).
[Ho] H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189(2004), 167–193.
[I] A. Iacob, Gorenstein flat dimension of complexes, J. Math. Kyoto Univ. 49(2009), 817–842.
[M] S. Mac Lane, Categories for the working mathematician, Graduate Texts in Mathematatics
vol. 5, Springer-Verlag, New York, second edition, 1998.
[MD] L.X. Mao, N.Q. Ding, Gorenstein FP-injective and Gorenstein flat modules, J. Algebra Appl.
7(2008), 491–506.
[P1] D.S. Passman, The algebraic structure of group rings, Wiley/Inter-science, New York, 1977.
[P2] D.S. Passman, It’s essentially Maschke’s theorem, Rocky Mountain J. Math. 13(1983), 37–
54.
[V] O. Veliche, Gorenstein projective dimension for complexes. Trans. Amer. Math. Soc.
358(2006), 1257–1283.
[Y] S. Yassemi, Gorenstein dimension, Math. Scand. 77(1995), 161–174.
